THE SUMMATION OF RANDOM CAUSES AS THE
SOURCE OF CYCLIC PROCESSES*

By EvuGEN SLUTZKY

I. SCOPE OF THE INVESTIGATION

ArmosT ALL of the phenomena of economic life, like many other
processes, social, meteorological, and others, occur in sequences of
rising and falling movements, like waves. Just as waves following each
other on the sea do not repeat each other perfectly, so economic cycles
never repeat earlier ones exactly either in duration or in amplitude.
Nevertheless, in both cases, it is almost always possible to detect, even
in the multitude of individual peculiarities of the phenomena, marks
of certain approximate uniformities and regularities. The eye of the
observer instinctively discovers on waves of a certain order other
smaller waves, so that the idea of harmonic analysis, viz., that of the
possibility of expressing the irregularities of the form and the spacing
of the waves by means of the summation of regular sinusoidal fluctua-
tions, presents itself to the mind almost spontaneously. If the results
of the analysis happen sometimes not to be completely satisfactory,
the discrepancies usually will be interpreted as casual deviations super-
posed on the regular waves. If the analyses of the first and of the second
halves of a series give considerably divergent results (such as, for ex-
ample, were found by Schuster while analyzing sunspot periodicity),!
it is, even then, possible to find the solution without giving up the
basic concept. Such a diserepancy may be the result of the interference
of certain factors checking the continuous movement of the process and
substituting for the former regularity a new one which sometimes may

* Professor Eugen Slutzky’s paper of 1927, “The Summation of Random
Causes as the Source of Cyclic Processes,”” Problems of Economic Conditions,
ed. by The Conjuncture Institute, Moskva (Moscow), Vol. 3, No. 1, 1927, has
in a sense become classic in the field of time-series analysis. While it does not
give a complete theory of the time shape that is to be expected when a given
linear operator is applied to a random (auto-non-correlated) series, it has given
us a number of penetrating and suggestive ideas on this question. It has been,
and will no doubt continue to be, highly stimulating for further research on this
vast and—not least for business-cycle analysis—most important problem. Un-
fortunately Professor Slutzky’s paper so far has been available only in Russian
(with a brief English summary). Some years ago Professor Henry Schultz had
the original article translated into English by Mr. Eugene Prostov, and suggested
that it be published in EcoNnoMETRICA. At the request of the Editor Professor
Slutzky has prepared for our Journal a revised English version with which he
has incorporated also a number of important results obtained after 1927.—
EpiToOR.

1 Arthur Schuster, “On the Periodicities of Sunspots,” Phil. Trans., Series A,
Vol. 206, 1906, p. 76.
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even happen to be of the same type as the former one. Empirical series
are, unfortunately,seldom long enough to enable one definitely to prove
or to refute such an hypothesis. Without dwelling on the history of com-
plicated disputes concerning the above-mentioned problem, I will men-
tion only two circumstances as the starting points for the present in-
vestigation—one, so to speak, in the field of chance, the other in the
field of strict regularity.

One usually takes the analysis of the periodogram of the series as the
basis for the discovery of hidden periodicities. Having obtained from
the periodogram the values of the squares of the amplitudes of the
sinusoids, caleulated by the method of least squares for waves of vary-
ing length, we ask whether there is a method of determining those
waves which do not arise from chance. Schuster apparently has dis-
covered a suitable method;? but we must give up his criterion when we
remember that among his assumptions is that of independence of the
successive observations. As a general rule we find that the terms of an
empirical series are not independent but correlated and at times cor-
related very closely. This circumstance, as is known, may very per-
ceptibly heighten the oscillation of the derived characteristics of the
series, and it is quite conceivable that waves satisfying Schuster’s eri-
terion would in fact be casual—just simulating the presence of a striet
regularity.® Thus we are led to our basic problem: is it possible that a
definite structure of a connection between random fluctuations could
form them into a system of more or less regular waves? Many laws of
physics and biology are based on chance, among them such laws as the
second law of thermodynamics and Mendel’s laws. But heretofore we
have known how regularities could be derived from a chaos of discon-
nected elements because of the very disconnectedness. In our case we
wish to consider the rise of regularity from series of chaotically-random
elements because of certain connections imposed upon them.

Suppose we are inclined to believe in the reality of the strict pe-
riodicity of a business cycle, such, for example, as the eight-year period
postulated by Moore.* Then we should encounter another difficulty.
Wherein lies the source of the regularity? What is the mechanism of

2 A. Schuster, “On the Investigation of Hidden Periodicities, ete.,”’” Terrestrial
Magnetism, Vol. 3, 1898.

3 The further development of Schuster’s methods, which we find in his ex-
tremely valuable paper, “The Periodogram of the Magnetic Declination as Ob-
tained from the Records of the Greenwich Observatory during the Years 1871-
1895, T'rans. of the Cambridge Philos. Soc., Vol. 18, 1900, p. 107, seems to over-
come this difficulty. Because it is rather unfinished in mathematical respects,
however, the influence of this paper seems not to have been comparable to its
importance.

4 H. L. Moore, Generating Economic Cycles, New York, 1923.
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causality which, decade after decade, reproduces the same sinusoidal
wave which rises and falls on the surface of the social ocean with the
regularity of day and night. It is natural that even now, as centuries
ago, the eyes of the investigators are raised to the celestial luminaries
searching in them for an explanation of human affairs. One can daunt-
lessly admit one’s right to make bold hypotheses, but still should not
one try to find out other ways?® What means of explanation, however,
would be left to us if we decided to give up the hypothesis of the super-
position of regular waves complicated only by purely random compo-
nents? The presence of waves of definite orders, the long waves embrac-
ing decades, shorter cycles from approximately five to ten years in
length, and finally the very short waves, will always remain a fact
begging for explanation. The approximate regularity of the periods is
sometimes so distinctly apparent that it, also, cannot be passed by
without notice. Thus, in short, the undulatory character of the processes
and the approximate regularity of the waves are the two facts for which
we shall try to find a possible source in random causes combining them-
selves in their common effect.

The method of the work is a ecombination of induction and deduction.
It was possible to investigate by the deductive method only a few
aspects of the problem. Generally speaking, the theory of chance waves
is alrmhost entirely a matter of the future. For the sake of this future
theory one cannot be too lavish with experiments: it is experiment
that shows us totally unexpected facts, thus pointing out problems
which otherwise would hardly fall within the field of the investigator.®

II. COHERENT SERIES OF CONSEQUENCES OF RANDOM
CAUSES AND THEIR MODELS

There are two kinds of chance series: (1) those in which the probabil-
ity of the appearance, in a given place in the series, of a certain value
of the variable, depends on previous or subsequent values of the vari-
able, and (2) those in which it does not. In this way we distinguish

5 A similar viewpoint is found in the remarkable work of G. U. Yule, “Why
Do We Sometimes Get Nonsense-Correlations between Time Series?”’ Journal
of the Royal Statistical Society, Vol. 89, 1926. This work approaches our theme
rather closely.

¢ The following exposition is based on a large amount of calculation. The
author expresses special gratitude to his long-time collaborator, E. N. Pomer-
anzeva-Ilyinskaya and also to O.V. Gordon, N.F. Rein, M. A. Smirnovaand E. V.
Luneyeva. The calculations were carefully checked, almost all work having been
independently performed by two individuals. It is very unlikely that undetected
errors are sufficiently significant to affect to any perceptible degree our final
conclusions. A few errors, detected in the course of time in Tables I, III, and IX
of the original paper, arenoted at the end of this paper, and an error in Figure 7,
B,, has been corrected when it was re-drawn.
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between coherent” and incoherent (or random) series. The terms of the
series of this second kind are not correlated. In series in which there is
correlation between terms, one of the most important characteristics is
the value of the coefficient of correlation between terms, considered as
a function of the distance between the terms correlated. We shall call
it the correlational function of the corresponding series and shall limit
our investigation to those cases in which the distribution of probabili-
ties remains constant. The coefficient of correlation, then, is exclusively
determined by the distance between the terms and not by their place
in the series. The coefficient of correlation of each member with itself
(ro) will equal unity, and its coefficient of correlation (r;) with the tth
member following will necessarily equal its coefficient (r_;) with the
tth member preceding.

Any concrete instance of an experimentally obtained chance series
we shall regard as a model of empirical processes which are structurally
similar to it. As the basis of the present investigation we take three
models of purely random series and call them the first, second, and
third basic series. These series are based on the results obtained by
the People’s Commissariate of Finance in drawing the numbers of a
government lottery loan. For the first basic series, we used the last
digits of the numbers drawn ; for the second basic series, we substituted
0 for each even digit and 1 for each odd digit; the third basic series
was obtained in the same way as the second, but from another set of
numbers drawn.? :

Let us pass to the coherent series. Their origin may be extremely
varied, but it seems probable that an especially prominent role is
played in nature by the process of moving summation with weights of
one kind or another; by this process coherent series are obtained from
other coherent series or from incoherent series. For example, let causes

© .+ Tig, Ti1y Ty - - - produce the consequences - - - Yi_s, Yi1, Yi,
- -+, where the magnitude of each consequence is determined by the
influence, not of one, but of a number of the preceding causes, as for
instance, the size of a crop is determined, not by one day’s rainfall,
but by many. If the influence of causes in retrospective order is ex-
pressed by the weights 4o, 41, 4s, + - - A1, then we shall have
yi=doxi + Awwia + - - - + ApiZinn-yy
1) Yi1 = Aotig + - F AuoZi 1y + ApiZion,

7 I venture to propose this name because it seems to me that it truly expresses
what is intended, namely, the existence of some connection between the elements
or parts of a thing (for example, of a series), but not a connection between this
thing as a whole and another.

8 The tables giving these series and seven others derived from them will be
found in the original paper (loc. cit., pp. 57-64) and are not repeated here.
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Each of two adjacent consequences has one particular cause of its
own, and (n—1) causes in common with the other consequence. Be-
cause the consequences possess causes in common there appears be-
tween them a correlation even though the series of causes are incoher-
ent. When all the weights are equal (simple moving summation) the
coefficient of correlation expresses the share of the common causes in
the total number of independent causes on which the consequences

S CA AT

Figure 1.—The first 100 terms of the first basic series.
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Ficure 2.—The first 1000 terms of Model I1I.

depend (as has long been known from the theory of the experiment of
Darbishire); then
n—1 n—2 1
) 1‘2 = 1‘_2 = PR ,rn—l = r_(n_l)=——,
n n n
further coefficients being equal to zero. By taking a ten-item moving
summation of the first basic series, Model I was obtained.? A small

section of Model I is plotted in Figure 3 with an index!?® of the English

® In addition, 5§ was added to each sum. This does not change the properties
of the series. Neither does it make any difference as to the method of numbering
consequences in comparison with the scheme used in formula (1). At the outset
of the work, it seemed to be technically more convenient to give the consequence
the same number as the earliest cause and not the latest. Thus, for example, for

Model 1, Yo =m0+ 2+ a 4o+ + 5
10 Dr. Dorothy S. Thomas, “Quarterly Index of British Cycles,” in W. L.
Thorp, Business Annals, New York, 1926, p. 28.

1‘0=1,1‘1=1‘_1=
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business eyeles for 1855-1877 in juxtaposition—an initial graphic dem-
onstration of the possible effects of the summation of unconnected
causes.

In turn the consequences become causes. Taking a ten-item moving
summation of Model I, we obtained the 1000 numbers of Model II.
Performing a two-item moving summation twelve times in succession
on the third basic series,! we obtained the 1000 numbers of Model IVa.
First and second differences of Model IVa give Models IVb and IVe
respectively (See Figure 4). Furthermore, the application of scheme
(1) to the second basic series gives'? Model III if the weights used are
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F1gURE 8.———An index of English business cycles from 1855 to 1877; scale
on the left side. --------- Terms 20 to 145 of Model I; scale on the right- side.

104 times the ordinates of the Gaussian curve taken at intervals of
0.10. Because this model was very smooth it appeared sufficient to
use only the 180 even members out of the 360 items (see Figure 11
under the numbers 0, 2, 4, - - - 358). Model IIIa—the last one—is 104

1 It actually was computed by applying the scheme (1) to the third basic
series with the weights 1, 12, 66, 220, 495, 792, 924, 792, - - -, 12, 1, because
s-fold simple summation of two items is equivalent, as can be shown easily, to
direct summation with the weights Cy, €, C,, - - -, C,, (where C; is the number of
combinations of s things taken %k at a time.

12 The exact values of Model III could be obtained by multiplying the cor-
responding items of the basic series by the exact values of the function 10¢ exp
{ —%(0.1£)2}/ /27, for integral values of ¢. This function was the basis of ob-
taining the 4th differences of Model III. Approximate values of Model III were
found by using a set of weights composed of 95 numbers corresponding to the
values of the above function for integral values of ¢ from —47 to +47, with the
numbers less than 1 rounded off to the nearest tenth and numbers greater than 1
to whole units. The numbers of the basic series were written on a ribbon which
we slid along the column of weights. Inasmuch as the basic series consisted of
zeros and ones, all of the computations were plain additions. For Model IVa, a
ribbon with holes in the place of unities was constructed.
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times the 4th differences of the numbers of Model III from the 7th to
the 97th.13

2000 e h ,Lk & | & o
NNV

0

800
600 £

400

r__’(?

o~
]
%o

ﬂ»—;
]|
-
8:5
’0—
)

el RS T
-200f ATIRY
oo R i ('
'800' ®
600¢ T

l Ve P
400

" f m

0o AR AN ul
B (R TR A (AR S Y AW
-400 R % Df I /
~600

0 i0 20 30 40 50 60 70 80 90 100
Fi1gure 4.—The first 100 terms of Models IVa, IVb, and IVe.

We could not be satisfied by a smaller number of models because it
was necessary to observe their various properties and to have illustra-

13 For the calculation of these differences the accuracy with which we deter-
mined the items of Model III was not sufficient, so the following method was
used: It is easy to see that the nth order differences of the items of the series ob-
tained by scheme (1) are equivalent to those computed by the same scheme
but applying weights equal to the differences of the original weights (keeping in
mind that the series of original weights is extended at both ends with zeros).
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FiGURE 5.—An example of the crossing of random weights. The weights of
the causes for each of 10 successive summations are shown, i.e., 4,'®, 4;'®,
<o, 4;'09  See Appendix, Section 1.

With the help of S. Pineto’s Tables de logarithmes vulgaires a dix decimales, St.
Petersburg, 1871, the values of the function
exp { — 3(0.1)2}/v/2x

were obtained to ten decimal places for integral values of ¢ from O to 44; this
series was completed by using Sheppard’s tables, and the differences of the entire
series up to and including the 4th differences were taken. Multiplying the latter
by 108 and expressing the result in integers, we obtained weights with the help
of which—and by using scheme (1)—the values of 10¢ A%y, were obtained from

the second basic series.
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tions for the elucidation of the different aspects of the problem. We
could not aspire to imitate nature in forming a set of weights; still, in
the course of the work, we have come across an exceptionally curious
circumstance. First, each multifold simple summation of n items at
a time gives a set of weights which approaches the Gaussian curve
as a limit. In the Appendix, Section 1, there is given the instance of a
tenfold summation of three items at a time with the weights chosen
absolutely at random for each successive summation. The ten con-
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F1GurE 6.—0000 The correlational functions of Models I-IVe, and of the
scheme of the crossing of the chance weights (4;'19),

} Corresponding Gaussian curves and the reduced differences of the

ordinates of the Gaussian curve.

secutive sets of weights are depicted in Figure 5. It is easily seen how
they gradually become more and more like the Gaussian curve, and
for the tenth summation the weights approach the Gaussian curve
very closely.

This is far from being a chance result. From further considerations
(Appendix, Section 1) we find that we have here actually encountered
a law which, under certain conditions, must necessarily realize itself
in the chaos of random entanglements and crossings of endless num-
bers of series of causes and consequences. The problem is specially
important for the reason that the correlational function of a derived
series is defined entirely by the respective weights-function. It is possi-
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ble to prove (see Appendix, Sections 1, 2, and 3) that if the series of
weights follows the Gaussian curve, the correlational function of the
resulting consequence series is capable of being expressed by a similar
curve with a greater or smaller degree of approximation. For the series
of consequences proportionate to the increments of the cause—that is,
the differences of order k& of the series of causes—the correlational
function can be represented by the series of the differences (of order
2k) of the ordinates of the Gaussian curve. It could not be by chance
that the correlational function of all of our models, with the exception
of the most elementary one (Model I), belong to one of the two types
mentioned (see Figure 6). No exception is found in the correlational

TaBLE 1
Distance Correlation .
between coefficients with Ordinates of Differences
terms random weights Gaussian curve
t r: R; T —'Rg
0 1.000 1.000 0.000
1 0.965 0.965 0.000
2 0.868 0.866 +0.002
3 0.727 0.723 +0.004
4 0.567 0.562 +0.005
5 0.410 0.407 +0.003
6 0.275 0.274 +0.001
7 0.171 0.171 0.000
8 0.097 0.100 —0.003
9 0.051 0.054 —0.003
10 0.024 0.027 —0.003
11 0.011 0.013 —0.002
12 0.004 0.006 —0.002
13 0.001 0.002 —0.001
14 0.000 0.001 —0.001

function for the series of consequences of the 10th order obtained in
the course of the crossing of the random weights in the example men-
tioned above. The values of these correlation coefficients (r;), together
with the ordinates of the corresponding Gaussian curve (R;), are given
in Table 1 (for the calculation see Appendix, Section 2).

III. THE UNDULATORY CHARACTER OF CHANCE SERIES,
GRADUALITY AND FLUENCY AS TENDENCIES

Our models, representing several sets of experiments, give an in-
ductive proof of our first thesis, namely, that the summation of random
causes may be the source of cyclic, or undulatory processes.** It is, however

14 The definition of the business cycle as being a process (not necessarily
periodic) characterized by successive rises and falls, is given by W. C. Mitchell
in Introduction to W. L. Thorp, Business Annals, New York, 1926, pp. 32-33.
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not difficult to determine the reason why it must be so inevitably. We
shall first observe a series of independent values of a random variable.
If, for the sake of simplicity, we assume that the distribution of proba-
bilities does not change, then, for the entire series, there will exist a
certain horizontal level such that the probabilities of obtaining a value
either above or below it would be equal. The probability that a value,
which has just passed from the positive deviation region to the nega-
tive, will remain below at the subsequent trial is %; the probability
that it will remain below two times in succession is ; three times 3;
and so on. Thus the probability that the values will remain for a long
time above the level or below the level is quite negligible. It is, there-

TABLE 2
Length of half-wave Actual frequency Theoretical frequency
P n's 73
1 261 256
2 137 128
3 65 64
4 29 32
5 14 16
6 4 8
7 1 4
8 and more 1 4
Total 512 512

fore, practically certain that, for a somewhat long series, the values
will pass many times from the positive deviations to the negative and
vice versa. Let us designate as a half-wave a portion of the series in
which the deviation does not change sign. Thus, for 1000 numbers of
the third basic series we find 540 half-waves (instead of the theoretically
expected 500). Taking from this number the first 512 half-waves we
find among them a number of half-waves of the length 1,2, etc. In
Table 2 the actual (n;’) and theoretical'® (n;) frequencies for half-waves
of various lengths are shown. That the observed series is consistent
with the theoretical series can be found by the calculation of the x?
criterion of goodness of fit.!®

If a variable can have more than two values and if, in a certain inter-
val of a more or less considerable length, it happens to remain above

15 L. von Bortkiewicz, Die Iterationen, 1917, Formel 75, p. 99.
16 We find, indeed,
o = mg)?
Xt = Z = 7.8,
ng
the corresponding probability being P =0.35; see Tables for Statisticians and
Biometricians, ed. by K. Pearson, Part I, Table XII.
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(or below) its general level, then in that interval it will have a tempo-
rary level about which it almost certainly will oscillate. Thus on the
waves of one order there appear superimposed waves of another order.

The unconnected random waves are usually called irregular zigzags.
A correlation between the items of a series deprives the waves of this
characteristic and introduces into their rising and falling movements
an element of graduality. In order to make the reasoning more concrete,
let us consider a series obtained from an incoherent series by means of
a ten-item moving summation. Our Model I will be used as the exam-
ple. Any items of this model separated from each other by more than
9 intervals (as, for example, the values yo, ¥10, Y20, + * * ) are not corre-
lated with each other and consequently form waves of the above con-
sidered type, i.e., irregular zigzags. But if we consider the entire series,
we shall certainly find gradual transitions from the maximum point of a
wave to its minimum and vice versa, since the correlation between
neighboring items of the series makes small differences between them
more probable than large ones. This we find to be true for all of our
models. .

We must distinguish between the graduality of the transitions and
their fluency. We could speak about the absence of the latter property
if a state of things existed where there would be an equal probability
for either a rise or a fall after a rise as well as after a fall. If fluency were
missing we should obtain waves covered by zigzags such as we find in
Model I (see Figure 3).

For example, we have for Model I,

Yo=5+z+omt+at -+,
n=>=5 + itz - -+ 29+ Tao,
Yo = + s+ - -+ 2o 4 210 + 213,

......

from which we obtain
AYyo = Y1 — Yo = T — Zoy
Ay =92 — Y1 = Zu — Ty

......

Thus we see that the adjacent first differences do not have any
causes in common, and hence are not correlated. The same applies to
differences which are further apart, with the exception of such as
11— Yo==T10— o and Y11 —Y10=7=20—Z10. The series of differences is al-
most incoherent and hence the waves will be covered by chaotically
irregular zigzags such as we find in Model I.

Let us assume further that adjacent differences are positively cor-
related. Then, in all probability, after a rise another rise will occur,
after a fall a further fall; a steep rise will have the tendency to continue
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with the same steepness, a moderate one with the same moderateness.
So small sections of a wave will tend to be straight lines; and the greater
the coefficient of correlation between adjacent differences the closer
the sections approximate straight lines.!’

Correlation between second differences plays an analogous role. The
greater this correlation coefficient, the greater the tendency toward
the preservation of the constancy of the second differences. Over more
or less considerably long intervals a series with approximately constant
second differences will tend to approximate a second-degree parabola
as all “good”’ curves do. In Table 3 are given, for Models, I, II, and
III, the values of the correlation coefficients between the adjacent
items of the series (1), between the adjacent first differences (r,''V),and
between the adjacent second differences (r;*®). The coefficients were
calculated by the formulas of the Appendix, Section 1. As we go from
the first basic series to Model I and then to Models II and III, we find
progressive changes in their graphic appearance (see Figures, 3, 2, 8,
and 11 respectively). These changes are produced at first by the in-
troduction and then by the growth of graduality and of fluency in the
movements of the respective chance waves. The growth of the degree
of correlation between items (or between their differences) as we go
from the first basic series to Model I, ete. (see Table 3) corresponds to
the changes in the graphic appearance of our series.

TaABLE 3
Coeflicient of correlation between:
Model Terms First differences Second differences
71 7‘1(1'1) 71(2.2)
I 0.9 0.0 —-0.5
1I 0.985 0.85 0.0
III 0.9975 0.9925 0.9876

IV. EMPIRICAL EVIDENCE OF THE APPROXIMATE
REGULARITY OF CHANCE WAVES

Our first thesis, that is, the demonstration of the possibility of the
appearance of undulatory processes of a more or less fluent character
as the result of the summation of random causes, may be considered

17 The term tendency is used here in a strict sense. To each equation of regres-
sion (giving the value of the conditional mathematical expectation of a variable
asa function of some other variable) there corresponds an approximate equation
between the variables themselves. The closer to unity the absolute value of the
coefficient of correlation lies, the greater is the probability that this functional
relationship will be maintained within the limits of the desired accuracy; i.e.,
the stronger will be the tendency.
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as practically proved. However, our second thesis, that is, the demon-
stration of the approximate regularity of the waves, offers considerably
greater difficulties. Again we shall begin with the inductive method.
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Figure 7.—The frequency distributions of the lengths of waves and half-
waves: A, Business cycles of 12 countries, not including England (Mitchell);
B; to By, Models 11, IVa, IVb, and IVe respectively.

In Figure 2 are plotted 1000 points of Model II; a continuous line
has been passed through them, which, because of the small scale, seems
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to be a comparatively fluent curve. One can distinguish on the curve
waves of different orders—even down to insignificant zigzags, of which
a number are not apparent on the graph because of their minuteness.
The maxima and minima having been listed, together with the length
of their half-waves and amplitudes, we have found that, since an em-
pirically descriptive point of view, in its very nature, permits only
approximate solutions,!® it was legitimate to draw a boundary between
waves and ripples: maxima and minima with amplitudes of ten units
or less being discarded as ripples. The remaining maxima and minima
are indicated by arrows in Figure 2. The distribution of the lengths
of the 83 half-waves for Model II is given graphically in Figure
7 (By). Figure 7 includes the distribution (A4) of the lengths of 93
cycles of economic life for 12 countries outside of England, as given
by Mitchell.'* The coefficient of variation for the latter is 47.09,%° as
compared to 48.69, for Model II. Thus we find variation of the same
degree in the two distributions. The distributions for Models IVa, IVb,
and I'Ve are also shown in Figure 7. The average lengths of waves are
9.23,7.36 and 6.15, while the coefficients of variation are 38.29, 32.7%,
and 29.29, respectively. In general appearance these last three dis-
tributions are similar to the first two, although the last three have
less variation, in spite of the fact that for Models IV, a, b, and ¢, the
data are taken without discarding the ripples. Our models being based
on some a priori schemes, it appears quite likely that some day it will
be possible to calculate the mathematical expectation and variability of
the distances between maxima and minima. In this respect, therefore,
the chance waves in coherent series must be subject to some kind of
regularity, the regularity of this type being observed even in the chaot-
ic zigzags of purely random series.?

We are interested, however, in a different aspect of the problem. The
attempt of Mitchell to deny the periodicity of business cycles is a result
of his tendency to stick to a purely descriptive point of view. The
means of description which he uses and which we tried to imitate for
our models are far too crude. If we try to apply the same method to a
sum of two or three sinusoids the result would be approximately the
same. Those investigators of economic life are right who believe in
their acumen and instinct and subscribe to at least an approximate
correctness in the concept of the periodicity of business cycles. Let us

18 Cf. E. Husserl, Ideen zu einer reinen Phinomenologie und phdnomenologischen
Philosophie, Halle a.d.S., 1922, § 74: Deskriptive und exakte Wissenschaften, p.
138-139.

1 W, L. Thorp, Business Annals, Introduction by W. C. Mitchell, p. 58.

20 Ibid.

21 Cf. L. von. Bortkiewicz, Die Iterationen, 1917.
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again examine Model II (Figure 2). In many places there are, appar-
ently, large waves with massive outlines as well as smaller waves
lying, as it were, over them; sometimes these are detached from them,
sometimes they are almost completely merged into them. For example,
at the beginning of Figure 2, three waves of nearly equal length are
apparent, that is, from the first to the third minimum, from the third
to the fifth, and from the fifth to the sixth. Upon these waves smaller
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FIGURE 8.—0-0-0 The first 120 even terms of Model II. Sum of the
first five harmonics of Fourier series: y =518.14 —20.98 cos (2x¢/240) +50.02 sin
(27t/240) +17.30 cos (27t/120) —3.16 sin (27¢/120) —10.93 cos (2#t/80)+35.66
sin (2#t/80)+17.18 cos (2#¢/60) —21.92 sin (2t/60) —38.53 cos (2wt/48) —3.65
sin (2nt/48).
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F16URE 9.—0-0-0 The deviations of Model II from the sum of the first five
harmonics of Fourier series. 6th sinusoid: y =12.98 cos (2#t/40) —51.50
sin (2xt/40).

ones can be seen having also approximately equal dimensions. A careful
examination of the graphs of our models will disclose to the reader a
number of places where the approximate equality of the length of the
waves is readily apparent. If we had a much shorter series, such as a
series offered by the ordinary statistics of economic life with its small
number of waves, we should be tempted to consider the sequence as
strictly periodic, that is, as composed of a few regular harmonic fluc-
tuations complicated by some insignificant casual fluctuations. For
instance, let us consider two sections of Model II, lying one directly
above the other in Figure 2, namely, the section from item 100 to
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